Periodic systems have attracted a lot of attention in science and engineering due to the existence of band gaps in their frequency spectra. Here, we study the exural wave propagation in beams that are periodically connected in parallel and investigate how the contrast in the material and cross-sectional properties may aect the band structure of these systems and their dispersion properties. Results suggest that by changing the mass and stiness ratios of the two beams, or by changing the inter-beam connection compliance, several band gaps may emerge and that the band gap width, the lowest band gap edge frequency, as well as the nature of attenuation within the gap may be tuned. Furthermore, by considering a hierarchical system of periodically-connected beam elements with dierent unit cell sizes, we show how the interplay between scales may aect the overall dispersion properties of the system by opening and closing band gaps at dierent frequencies. These ndings suggest that a modular design approach may lead to novel dispersion properties in beam structures. Finally, using a Frequency Response Function approach, we show that the aforementioned results hold in the limit of nite structures.
Introduction
Wave propagation in periodic structures has been investigated for decades: from large-scale structures, such as multi-story buildings, multi-span bridges and pipelines [14] to atomic lattices [5] .
These structures have been a focus of attention due to their wave-ltering properties. It has been well-established that waves in certain frequency ranges cannot freely propagate in periodic systems due to the existence of band gaps in their frequency spectra [6] . This feature has made them potential candidates for applications such as vibration and seismic isolation [79] , wave-guiding [1012] and cloaking [1315] . Two mechanisms have been identied for band gap formation in periodic systems: Bragg scattering (BS) and local resonance (LR). Bragg band gaps occur due to multiple scattering and interference eects between the periodic constituents of the system. Hence, these gaps occur at wavelengths comparable to the structural periodicity. The seminal work of Liu et al. [16] , however, showed that gaps can occur at frequencies nearly two orders of magnitude lower than that of the Bragg frequency if local resonance is exploited. In an attempt to further enhance the dispersion characteristics of these systems, researchers have recently proposed novel designs that aim to combine the features of both mechanisms. These designs range from systems with interconnected resonators [17, 18] to congurations with resonators directly attached to neighboring masses in the host structure [19] .
Periodic beams have been particularly studied to a great extent in literature. As early as the 1960s, the natural frequencies and steady-state responses of beams with periodic supports and periodic impedances were studied [20, 21] . Since then, many researchers have investigated exural vibration band gaps in beams with various periodicity features. Attention was rst drawn to periodic beams with a binary conguration, in which the unit cell consists of two exural elements with dierent material or geometric properties placed in series [1, 22, 23] . The Bragg scattering mechanism is responsible for band gap formation in these structures. More recent studies have focused on Locally Resonant (LR) beams, in which a periodic array of local resonators leads to the emergence of band gaps in the frequency spectra of the system [2429] . Band gaps in this class of structures form due to both BS and LR mechanisms [30, 31] . Liu and Hussein studied wave propagation in exural beams from both categories and mathematically characterized the condition for transition between Bragg scattering and local resonance band gaps in LR beams [32] . Most research in the area of LR beams has focused mainly on the eect of discrete resonators. However, recently, Wang et al. studied a local resonant beam with continuum beam resonators and proved its eectiveness in comparison with the conventional force-only resonators [33] . Beli et al. proposed a metamaterial beam with interconnected beam attachments, forming a resonator chain. The authors showed that the interaction between the translational and rotational modes of this chain enriches the band structure in comparison to the case where the beam resonators perform independently [18] .
Studying structures that are periodically connected in parallel could be traced back to Sen Gupta's work in 1970 on the so-called rib-skin structures [34] , encountered in airplane applications. These structures consist of a pair of plates (skins) joined periodically in parallel by another set of orthogonal plates (ribs). The ribs are usually modeled as rigid bodies while the skins are modeled as elastic beams. Gupta showed that the dispersion relation of one such structure is quadratic in cosh µ, where µ is the propagation constant, and identied the propagation and attenuation zones.
More work has been done since on stiened plates and beams in the context of periodic systems [3537] . More recently, Chen and Elbanna studied the coupling of a pair of bars in parallel and showed that tailoring the properties of the two elastic members may lead to extreme attenuation zones in the band structure of the system. The idea was then used to realize a mechanical switch that is used to modulate elastic waves [38] .
In this paper, we focus our attention on parallel beam elements that are periodically connected by enforcing compatibility of deformation and force balance at discrete attachment points along their length. We carry out a parametric study to show the eects of material and section properties as well as connection compliance on the band structure of the system. We, then, show that the system may possess rich dispersion properties in the low frequency ranges by tuning the parameters properly.
Methods

Analytical model
Rigid connections The setup of the metamaterial beam with rigid connections is shown in Fig. 1a . The system consists of two uniform beams periodically coupled with rigid arms that enforce equal transverse displacement and rotation at the connection points between the two beam elements. The spacing of the periodic attachments is L. The dynamics of the innite metamaterial beam is studied by deriving the governing equations for one of its unit cells (Fig. 1b) following the Euler-Bernoulli beam theory and assuming that the coupling of the two beams is exactly imposed at the boundaries of the unit cell. The governing equations are written as follows:
where, ρ and E refer to the density and Young's modulus of the beam material, respectively and A and I denote the cross-sectional area and moment of inertia of the members. The solution of the PDEs is written as Y 1 (x, t) = y 1 (x)e iωt and Y 2 (x, t) = y 2 (x)e iωt , where y 1 (x) and y 2 (x) are of the following general form:
Here, β j = 4 Ej Ij ρj Aj and the a jk coecients are determined by imposing the boundary conditions (BCs) with j = 1, 2 and k ranging from 1 to 4. Enforcing equal transverse displacements and exural rotations at the ends of the unit cell, where the two beams are coupled with a rigid connection, gives the rst set of BCs:
. Since the structure is periodic, the displacements and forces associated with the two boundaries of the unit cell are related by using the Bloch theorem. This yields the second set of BCs:
where q is the wave number and i = √ −1. Due to the coupling at the boundaries,
denote the moment and shear force in each beam.
Substituting the analytical solutions given by (2) into (3) and (4) T . Seeking non-trivial solutions for the above system, by setting the determinant of the coecient matrix [C] to zero, gives the analytical dispersion relation of the structure, which has a quadratic form in cos qL (see Appendix A.1 for more details).
Examining the resulting dispersion relation reveals that for arbitrary material and cross-sectional properties of the rst beam element-i.e. xed β 1 -, there are only two non-dimensional parameters (namely,ρÂ andÊÎ ) that inuence the dispersion relation of the system. Here,(.) = (.)2 (.)1
.ρÂ indicates the mass ratio between the two beams whileÊÎ shows the stiness ratio. In Section 3.1, we study how the location and width of the rst band gap change when these parameters are varied.
Compliant connections In practice, it may be dicult to have fully-rigid connections. Here, we develop the analytical solution for the case of connections with nite translational and rotational stinesses K s and K t . The unit cell conguration alongside with the coordinate system in this case is shown in Fig. 1c . The governing equations as well as the general form of solution for y j (x) (j = 1, ..., 4) are the same as the previous section. However, the boundary conditions are dierent in this case.
The rst set of BCs is determined by imposing continuity of displacements and balance of forces within each beam element:
In the above, F s and M s are the force and moment in the connector springs, respectively and are dened as follows:
The second set of BCs consists of the Bloch boundary conditions:
These boundary conditions are used to form a system of linear equations as in the previous section.
The dispersion relation is determined by setting the determinant of the coecient matrix to zero and is proven to be quartic in cos qL (see Appendix A.2).
Numerical model
Bloch mode synthesis [39] is used to determine the band structure of the system numerically. We use a standard Finite Element method to construct the mass and stiness matrices of the unit cell.
The matrices are then partitioned according to the interior and interface nodes and the CraigBampton method [23] is chosen to represent the normal and constraint modes. Depending on the highest frequency of interest and for the sake of computational eciency, only a reduced set of the xed-interface modes (FIM) is kept. Next, Bloch boundary conditions are imposed through interface nodes to create the mass and stiness matrices of an innite metamaterial beam. The reduced model is then used for eigenvalue analysis to determine the band structure of the periodic system. Matlab R is used for all numerical simulations in this paper.
Results
Innite metamaterial beams
Parametric study of the band gap structure in rigidly-connected beams In this section, we study the parametric dependence of the rst band gap characteristics in terms of the two independent variables identied in the previous section -i.e. the mass ratio and the stiness ratio of the two beams.
We consider one of the beams to be a doubly-symmetric I-beam made of concrete with a Young's modulus of 25 GPa and a density of 2400 kg m −3 . The dimensions of the ange and web are 150×40 mm and 170 × 30 mm, respectively. The properties of the other beam are varied to explore the parameter space. The unit cell length, corresponding to the distance between the coupling points, is 1 meter.
Figures 2a and 2b show the variation of the lower and upper edge frequencies with the nondimensional parametersρÂ andÊÎ . For a xed mass ratio, as the stiness ratio increases, the edge frequencies increase. On the other hand, for a xed value of stiness ratio, the lower and upper edge frequencies decrease with an increase in mass ratio. Since for a homogeneous EulerBernoulli beam, the phase speed for a wave with radial frequency ω is equal to √ ωβ, the variablê β is, in fact, a measure of the wave's phase speed ratio in the two beams. Fig. 2 suggests that the band gap edge frequencies do not vary signicantly in the region close toβ = 1, i.e. where the two beams have similar dispersive properties. andÊÎ . Whenβ is close to 1, the band gap width is very small. Whenβ is exactly 1, there is no band gap -even if the two beams have dierent material and cross-sectional properties. However, as the contrast in the stiness and mass ratios increases, the band gap width increases as well. In particular, for large stiness ratios and low mass ratios, the band gap width becomes maximum.
A local maximum is also observed in the region with high mass ratios and low stiness ratios. It should be noted that as the bandwidth increases, so does the frequency corresponding to the lower edge of the band gap. In other words, the set of parameters that maximize bandwidth do not necessarily give the lowest frequency edge. Hence, depending on the target objective, the required mass and stiness ratio may be tuned. Fig. 2d shows a contour for the percent ratio between the gap width and the mid-gap frequency as a function of the two non-dimensional variables. At the two ends of the spectrum, the gap width-to-midgap frequency ratio is maximum. Thus, choosing high-contrast properties for the two beams leads to higher normalized band gap widths.
The above discussion suggests that achieving low-frequency band-gaps requires very high mass ratios and very low stiness ratios; whereas, achieving wide band gaps requires low mass ratios and high stiness ratios. The two, therefore, lie on the two ends of the spectrum. The high contrast required in β values may be accommodated by a high contrast in material properties of the two beams, a high contrast in cross-sectional properties or a combination of both. The resulting band gaps may be of BS or LR type. In the following section we review a classication of the expected band structure zones and follow with a representative numerical example.
Classication of the band structure zones For rigid connections, the dispersion relation for the coupled beam system is quadratic in cos qL as shown in Appendix A.1. Therefore, two pairs of wave numbers ±q 1 and ±q 2 are determined for a given frequency Ω. The wave numbers in each pair represent the same characteristic wave but travelling in opposite directions. Therefore, we only consider q 1 and q 2 herein to analyze the band gap structure.
Physically, a exural wave may be classied as follows based on its corresponding wave number [29, 30] :
(a) Propagating: The wave number is purely real, q = Re(q). In this case, the wave travels over the unit cells without attenuation and only with a phase change.
(b) Attenuating: The real part of the wave number has the form Re(q) = 0 or |Re(q)| = π and the imaginary part is nonzero. This corresponds to a wave that attenuates while travelling across a unit cell.
(c) Complex: The wave number is complex, i.e. 0 < |Re(q)| < π and |Im(q)| > 0. In this case, the wave is propagating and attenuating as it travels along the structure.
Depending on which category q 1 and q 2 belong to, the system will have four distinct types of dispersion properties at a given frequency Ω:
I. Propagation-Propagation (PP): in this case both waves are propagating without attenuation across the system. II. Propagation-Attenuation (PA): Only one of the waves propagates through the system and the other gets attenuated as it travels over multiple unit cells.
III. Attenuation-Attenuation (AA): where both wave numbers belong to the attenuation category.
In this case, the adjacent cells vibrate either in phase or out of phase, attenuating the waves as they travel through the structure as a result. This behavior is typical of the classical Bragg Scattering phenomenon. Therefore, this region is also called the Bragg Scattering (BS) zone.
IV. Complex (C): The wave numbers q 1 and q 2 belong to category (c) above and are complexconjugate. In this case, the two wave numbers essentially represent the same characteristic wave that attenuates and experiences a phase change as it travels across a unit cell. This is usually characteristic of a local resonance mechanism when using a periodic array of resonators. Thus, this region can also be marked as the Local Resonance (LR) zone.
Based on the classication proposed, there are two types of pass bands (PP and PA) and two types of band gaps (AA and C). In the example discussed in the next section, we determine the band structure and study the dispersive behavior of the system based on this classication.
Example To achieve low-frequency band gaps, forming due to a high contrast in β ratios of the two beams, we consider coupling the concrete beam from the previous section to a beam made of a Tungsten alloy (Young's modulus 310 GPa and density 18000 kg m −3 ) with rigid connections.
High-density tungsten alloys are widely used for vibration damping in dierent industries due to their favorable physical properties. This beam element is assumed to have a circular cross section with a radius of 30 millimeters. The length of the unit cell is considered to be 1 meter. The dispersion response of the system is studied in detail next.
The analytical solution given in Appendix A.1 is used to get a comprehensive view of the system's band gap structure (Fig. 3 ) and unravel the dispersion properties of the periodic system. The regions of interest to us are the AA and C regions, in which both waves get attenuated while traveling across the unit cells either by a BS or LR-type mechanism. The plots show that the rst and third band gaps are generated by a blend of BS and LR-type mechanisms. In the rst band gap, wave numbers transition from an AA region to a C zone as the frequency increases while for the third band gap, the transition between these zones is reversed. The second band gap, however, forms purely due to BS eects.
It should be noted that the dispersion relation of the waves that propagate freely in the system is governed by the purely real wave numbers while the attenuation properties of the system are dominated by the imaginary part of the wave number that has the lowest absolute value. Having this in mind, the complex band structure in Fig. 3 may be reduced to the simple representation in Fig. 4. Fig. 4a shows the dispersion curves of the periodic system and also serves to demonstrate that the analytical and numerical results match.
Studying the band gap structure of the system shows that the rst band gap spans from 199 Hz to 276 Hz with a normalized band gap width of 32.5%. The second band gap edge frequencies are 310 Hz and 524 Hz; this band gap has a normalized gap width of 51.2% . Interestingly, an almost at dispersion curve lies between the rst two band gaps. The ratio of the width of this pass band to the width of the frequency region between 199 Hz and 524 Hz is only 10.4%. Furthermore, waves with frequencies in this pass band region have signicantly lower phase velocities than those corresponding to the rst and third dispersion lines. These observations indicate that this pass band may be neglected in practice. Doing so, gives a wide band gap with a normalized width of nearly 90%. Eect of connection compliance In this section, we study the eects of connection compliance on the band gap structure and attenuation properties of the system. The unit cell conguration in this case is shown in Fig. 1c . The analytical dispersion relation is determined in a similar manner as before and is found to be quartic in cos qL (see Appendix A.2). Therefore, four pairs of wave number solutions exist for a given frequency, with each pair representing the same characteristic wave but propagating in opposite directions. The nature of these characteristic waves (whether each is of Attenuating, Propagating or Complex type) determines the band structure of the system.
To facilitate further investigation, we introduce the non-dimensional
and γ = K t /(E 1 I 1 /L). Fig. 5 shows the variations in the rst band gap properties as α and γ change. For low values of α, no band gaps exist even at high γ values. This suggests that the coupling between the translational displacements of the two beams is essential for generating band gaps. As α increases, the rst band gap starts to form. The plots suggest that the band gap edge frequencies and width increase as the connection stiness increases. Fig. 5c shows that the variation of the band gap width with the connection stiness ratios is non-monotonic. Two local regions of maximized band gap width may be identied. The rst region occurs for small values of γ (ln γ < −2) and a limited range of α values (2.5 < ln α < 4.5). The second region occurs towards the high-stiness end of the spectrum, where both α and γ are large. Fig. 5d also suggests that the normalized band gap width varies non-monotonically with connection stiness parameters. The normalized band gap width is maximized in a limited range of parameter values (2.5 < ln α < 3.5, ln γ < −3.5).
The analytical solution discussed in Appendix A.2 is used next to study the eect of connection stiness on the band gap structure and attenuation strength of the system. Two candidate cases are examined: In the rst case, γ is set to 0 and in the second case, it is set to 10
3 . In both cases, α values of 10,10 2 and 10 3 are considered. Fig. 6 shows how varying the two parameters modies the dispersion properties of the system. For instance, in the rst case, when α = 10, there's a possibility of lowering the band gap edge frequency to 98.2 Hz and increasing the normalized gap width to 53.7% in comparison to the case with rigid connections (Fig. 4a) . As another example, in the second case (γ = 10 3 ), when α is 100, the attenuation strength in the second band gap increases signicantly. Whereas, when α is 10 in the same case, the band gap widths are very small, making this set of parameters unfavourable.
It should also be noted that when α and γ are both 10 3 , the connection between the two beams may be considered as almost rigid. Thus, the overall band structure for this set of parameters is similar to the one for rigid connections (Fig. 4) . Hierarchical systems In this section, we briey study the eect of coupling more than two beams having dierent periodicities at dierent scales on the dispersion properties of the overall structure. Fig. 7 shows the unit cell congurations and the corresponding dispersion curves for three cases:
(i) a concrete and tungsten beam coupled periodically with a unit cell length of 1 meter; (ii) a concrete and tungsten beam coupled periodically with a unit cell length of 0.5 m; and (iii) a concrete and tungsten beam periodically coupled at 0.5 m spacing with the whole pair coupled to a third tungsten beam at 1 m spacing. The third conguration is a combination of the rst two and involves two periodicity scales. The gure shows that the interaction between the two periodicity scales in case (iii) has modied the system's band structure, creating band gaps where we previously had propagation zones and aecting the edge frequencies. The eect of hierarchy is more pronounced when comparing cases (ii) and (iii): the edge frequencies of the rst band gap are considerably lower in case (iii) and several band gaps form where we had propagation zones in case (ii). The dispersion curves in case (iii) are close to the ones in case (i) for low frequencies but start to deviate from them at higher frequency ranges. For example the fourth band gap in case (iii) forms in a propagation zone of case (i). These ndings suggest that this may potentially be an eective intervention technique for changing attenuation properties of existing metamaterial beam structures.
Finite systems
In order to study the vibration transmittance properties of the system, we calculate the Frequency showed that the attenuation constant varies smoothly in the band gap regions associated with the BS eect while it possesses sharp peaks and is highly asymmetric where LR is the main attenuation mechanism. Thus, unlike the conventional binary conguration, in which heterogeneous exural components are connected in series, leading to the formation of BS-type band gaps, the proposed parallel conguration benets from both BS and LR attenuation mechanisms.
Investigation of the eect of connection compliance shows that the transverse coupling is necessary for band gap formation. Whereas, the elimination of the rotational spring lowers the rst band gap edge while increasing its width for a limited range of transverse spring stiness values. We also showed that tuning the stiness of the springs may aect the nature of the band gap formation mechanisms as well as the strength of attenuation. Thus, the compliance of the connection may be used as a means of controlling and/or modifying the band structure of the system.
As a preliminary step towards the hierarchical design of metamaterial beam systems, we have demonstrated how adding periodicity in another length scale may aect the dispersion properties of the original structure. The new system has attenuation zones that do not exist in either of the two structures alone. Stacking exural elements with dierent unit cell sizes, thus, seems a promising avenue for beneting from the interaction between the scales and enriching or altering the dispersion properties of a system.
Although a lot of research has been done on periodic and local resonant metamaterials, many have mainly focused on using discrete resonators [27, 4143] or modelling the eect of continuous resonators, such as beams, with spring-mass assemblies [28] . Considering that these discrete resonators aect the dispersion properties of the main system by creating band gaps in regions close to their natural frequency, the use of continuous elements with a countable innity set of natural frequencies seems to oer more possibilities for enriching the system's band structure. Our study, in particular, shows that by periodically connecting two Euler-Bernoulli beams, a new system with several LR and BS band gaps is created and that varying the coupling strength, by changing the connection's compliance, will let the two mechanisms interact.
As pointed out briey in Section 1, unconventional designs have been recently proposed that oer a broader range of dispersion characteristics [44] . Among these novel congurations are the concepts of resonator-to-resonator interactions [17, 18] and nonlocal resonances [19] . For example, in Beli et al. 2018 [18] , the interaction between the transverse and rotational modes of a resonator chain consisting of beam elements has been used to achieve a wider band gap in comparison to the case where the resonators perform independently. The authors show how certain Bloch wave modes of the system correspond to the resonance frequencies of the resonator chain. DePauw et al. 2018 [19] propose a conguration called a Phononic Resonator in which each resonator can directly interact with the neighboring masses in the main chain. It is then shown how tuning the stiness and mass ratios of the main and resonator masses can change the nature of the attenuation mechanism leading to the system behaving as a Phononic Crystal or an Acoustic Metamaterial. In the present work, there can be no distinction between the host and resonating elements since the members periodically connected are both continuous. Therefore, we conjecture that, unlike the previous studies, the resonance frequencies at which the attenuation peaks occur do not solely depend on the properties of one element or the other. Furthermore, Apart from the fact that tuning the physical parameters of the problem could change the nature of the attenuation mechanism within band gaps (such as that observed in DePauw et al. 2018), a mixture of BS and LR eects is observed within certain band gaps. Similar phenomenon has been reported in [29, 31, 33] .
Future extensions of this work may include further investigation of the hierarchical coupling, which signicantly increases the dimension of the parameter space. Given the surge of interest in nonreciprocal wave propagation, it may be of interest to explore the inuence of space-time modulation of the coupled beams' elastic properties or the time modulation of the connection compliance on the overall dispersion relation structure and directional control of the energy ow. Furthermore, combination of coupled beams and discrete resonators may be considered as this setup may enable further tuning of the band gap structure as well as the formation of band gaps in lower frequencies.
Another intriguing route for future investigations is controlling the transitions between dierent propagation/attenuation zones in the band structure by tuning the design parameters. The coecients of the dispersion relation, presented in Appendix A.1, may be used to describe the dierent propagation characteristics of the system with rigid connections on the invariant's plane J 1 − J 2 [45] . A mapping from the invariant plane to the physical parameter plane could then be used to visualize the transition between propagation domains as the parameters are varied. A similar study could be carried out for general systems with dispersion relations that are of fourth order in cos qL.
Conclusions
In this work, We investigated the dynamics and dispersion properties of exural elements that are periodically coupled in parallel using rigid or compliant connections. our main conclusions are summarized as follows:
• For rigid connections between the two elements, a high contrast between the phase speeds aects the band structure of the system signicantly. In particular, for the rst band gap, high (low) mass ratios and low (high) stiness ratios result in lower (higher) edge frequencies and narrower (wider) band gaps.
• Unlike the conventional conguration, in which beam elements of dierent material/geometric properties are connected in series, leading to BS-type band gaps, the proposed conguration benets from both BS and LR mechanisms.
• The connection compliance may be used to modify the system's band structure by opening/closing gaps. Tuning the stiness parameters may lower some band gap edge frequencies, increase their width, intensify the attenuation strength or change the nature of the attenuation mechanisms.
• Stacking exural elements at dierent periodicity lengths may modify the band structure by closing/opening band gaps. Matrix [C] is a function of material properties and the geometry of the two beam sections as well as the frequency ω and wave number q. In order for the system to have nontrivial solutions, the determinant of this matrix must be set to zero. Doing so and rearranging parameters gives the dispersion relation in the following form
where, J 1 =
H1 H3
and J 2 =
H2 H3
and
The superscript i indicates element number. The parameters λ (i) , δ (i) ,λ (i) ,δ (i) and η (i) (i = 1, 2)
are dened as follows
(A.5e)
Examining the parameters involved reveals that for a xed unit-cell length and chosen material and cross-sectional properties of the rst beam element, there are only two non-dimensional parameters (namely,ρÂ andÊÎ ) that inuence the dispersion relation of the system.
A.2 Compliant connections
The problem is formulated as in the previous case. The general solutions can be written in a similar form for all four beam elements ( Again, the coecients of this fourth-order equation are functions of the material and cross-sectional properties and stiness parameters α and γ. The mathematical expressions of these coecients will not be presented here.
Appendix B Complex band structure for compliant connections
Here, we present the complex band structure of the system with compliant connections for two sample cases: one corresponds to α = 100 and γ = 0 while the other corresponds to α = 1000 and γ = 0. 
